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q-DIMENSIONS OF HIGHEST WEIGHT CRYSTALS AND CYCLIC
SIEVING PHENOMENON
YOUNG-TAK OH AND EUIYONG PARK
Abstract. In this paper, we compute explicitly the q-dimensions of highest weight crystals
modulo qn − 1 for a quantum group of arbitrary finite type under certain assumption,
and interpret the modulo computations in terms of the cyclic sieving phenomenon. This
interpretation gives an affirmative answer to the conjecture by Alexandersson and Amini.
As an application, under the assumption that λ is a partition of length < m and there exists
a fixed point in SSTm(λ) under the action c arising from the crystal structure, we show that
the triple (SSTm(λ), 〈c〉, sλ(1, q, q
2, . . . , qm−1)) exhibits the cycle sieving phenomenon if and
only if λ is of the form ((am)b), where either b = 1 or m− 1. Moreover, in this case, we give
an explicit formula to compute the number of all orbits of size d for each divisor d of n.
Introduction
The cyclic sieving phenomenon was introduced by Reiner-Stanton-White in [20]. Let X be
a finite set on which a cyclic group C of order n acts and f(q) a polynomial in q with non-
negative integer coefficients. We say that (X,C, f(q)) exhibits the cyclic sieving phenomenon
if, for all c ∈ C, we have
#Xc = f(ωo(c)),
where ωd is a dth primitive root of the unity, and o(c) is the order of c and X
c is the fixed
point set under the action of c. Many instances of the cyclic sieving phenomenon have been
observed in different research areas and for various combinatorial objects including words,
multisets, permutations, and tableaux (see [20, 23] for details).
Let pr be the promotion operator due to Schu¨tzenberger [24, 25], and let SSTm(λ) be
the set of semistandard Young tableaux of shape λ with entries in {1, 2, . . . ,m}. The cyclic
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sieving phenomenon about SSTm(λ) and pr has drawn big attention from many researchers
(see [2, 3, 4, 5, 8, 21, 22, 29] for example.) One of the most celebrated researches in this
direction was initiated by Rhoades [21]. It was proved in [21] that if λ is of rectangular
shape, the triple (
SSTm(λ), 〈pr〉, q
−κ(λ)sλ(1, q, . . . , q
m−1)
)
exhibits the cyclic sieving phenomenon, where κ(λ) =
∑
i≥1(i−1)λi, and sλ(1, q, . . . , q
m−1) is
the principal specialization of the Schur polynomial sλ(x1, x2, . . . , xm). However, this result
is no longer valid outside rectangular shape in general. If keeping SSTm(λ) and the principal
specialization of the Schur polynomial in the triple, another appropriate action other than pr
should be considered. In [19], the authors provided a new cyclic sieving phenomenon triple(
SSTm(λ), 〈c〉, q
−κ(λ)sλ(1, q, . . . , q
m−1)
)
(0.1)
under the condition gcd(|λ|,m) = 1, where the action c arises naturally from the Uq(slm)-
crystal structure of SSTm(λ). Crystal bases theory is one of the most powerful combinatorial
tools for studying representations of quantum groups in the viewpoint of graph theory, which
is naturally connected to tableaux and functions invariant under the action of the Weyl group
like symmetric functions ([7, 10, 14, 15, 16]). Without the condition gcd(|λ|,m) = 1, the new
triple (0.1) does not exhibit the cyclic sieving phenomenon in general. Thus, it is an interest-
ing problem to find a necessary and sufficient condition for the cyclic sieving phenomenon of
the new triple (0.1). As a first step to answer this problem, we ask what conditions give rise
to a (not necessarily natural) action of a cyclic group Cn on SSTm(λ) such that the triple(
SSTm(λ), Cn , q
−κ(λ)sλ(1, q, . . . , q
m−1)
)
exhibits the cyclic sieving phenomenon, which is
motivated by [1].
In this paper, we compute explicitly the q-dimensions of highest weight crystals modulo
qn − 1 for a quantum group of arbitrary finite type under certain assumption, and interpret
the modulo computations in terms of the cyclic sieving phenomenon. Let g be a finite-
dimensional simple Lie algebra over C and Uq(g) be its quantum group. We write ∆
+ for
the set of positive roots of g. For a dominant integral weight Λ, let B(Λ) be the highest
weight Uq(g)-crystal with highest weight Λ. We denote by dimq B(Λ) the q-dimension of
B(Λ), which is the polynomial in q obtained from the character chB(Λ) by specializing at
q(ρ,−) (see Section 1 for the definition). When Uq(g) is of type Am−1, i.e., g = slm, the crystal
B(Λ) can be realized as SSTm(λ) and the q-dimension dimq B(Λ) is equal to the principal
specialization q−κ(λ)sλ(1, q, . . . , q
m−1) of the Schur polynomial sλ(x1, x2, . . . , xm). Here Λ
and λ are related in (3.1). Let n be a positive integer. Under the assumption that
(β,Λ) is divisible by n for any β ∈ ∆+,(0.2)
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we provide an explicit computation of dimq B(Λ) modulo q
n − 1 using the Weyl character
formula as follows:
dimq B(Λ) ≡
∑
d|n
ad
qn − 1
q
n
d − 1
(mod qn − 1),
where ad ∈ Z≥0 are the nonnegative integers given explicitly in (2.7) (see Theorem 2.5). Note
that when Uq(g) is of type Am−1 and n = m, Remark 3.4 says that |λ| is divisible by m, i.e.,
gcd(|λ|,m) = m, which is a case not covered by the previous result of the authors [19]. We
can also derive a similar result for the q-dimension dim∨q B(Λ) of B(Λ), which is obtained
by specializing at q〈ρ
∨,−〉 (see Remark 2.6). It should be remarked that there are the root of
unity evaluations of dim∨q B(Λ) that have been studied in the literature. For instance, letting
ϕΛ(q) := q
−〈ρ∨,Λ〉 dim∨q B(Λ), it is known that if ω is a root of unity of order equal to the
Coxeter number of the Weyl group, then ϕΛ(ω) = 0 or ±1 (see [12, 13]).
From the viewpoint of the cyclic sieving phenomenon, the above computation modulo qn−1
says that there exists an action of a cyclic group C of order n on B(Λ) such that the triple
(B(Λ), C,dimq B(Λ)) exhibits the cyclic sieving phenomenon and the number of all orbits of
size d is equal to ad for any positive integer d with d|n (see Theorem 3.1). In the case where
g = glm, the situation gets more interesting. Let λ = (λ1 . . . , λl) be a partition and Λ the
dominant integral weight given in (3.1). In this case, the condition (0.2) is equivalent to
λi − λj is divisible by n for all 1 ≤ i < j ≤ m,
which means that λ is a stretched Young diagram by n, i.e., λ = nλ˜ for some Young diagram
λ˜. Hence Theorem 3.1 implies that, for a stretched Young diagram λ by n, there exists an
action of a cyclic group C of order n on SSTm(λ) such that the triple
(SSTm(λ), C, q
−κ(λ)sλ(1, q, q
2, . . . , qm−1))
exhibits the cyclic sieving phenomenon. Consequently, we give an affirmative answer to
the conjecture [1, Conjecture 3.4] by Alexandersson and Amini (see Corollary 3.3). In this
viewpoint, Theorem 3.1 can be understood as an affirmative answer to a crystal-theoretical
generalization of the conjecture [1, Conjecture 3.4] by Alexandersson and Amini.
We next focus on the case where g is of type Am−1 and the action c arising from the
crystal structure. In [19], the case where gcd(m, |λ|) = 1 was studied extensively, where
every orbit is free. We here consider the case where there exists at least one fixed points,
so this part is a sequel to [19]. Under the assumption that λ is a partition of length < m
and there exists a fixed point in SSTm(λ) under the action of c, we show that the triple
(SSTm(λ), 〈c〉, sλ(1, q, q
2, . . . , qm−1)) exhibits the cycle sieving phenomenon if and only if λ is
of the form ((am)b), where either b = 1 or m− 1 (Theorem 4.4). Moreover, in this case, we
give an explicit formula to compute the number of all orbits of size d (Proposition 4.7). When
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m is a prime p, combining this result with [19] enables us to characterize when the triple
(SSTp(λ), 〈c〉, sλ(1, q, q
2, . . . , qp−1)) exhibits the cycle sieving phenomenon (Corollary 4.6).
In the sense that there exists a fixed point in SSTm(λ) under the action of c if and only
if |λ| is divisible by m, the problem when (SSTp(λ), 〈c〉, sλ(1, q, q
2, . . . , qp−1)) exhibits the
cycle sieving phenomenon will be completely settled if one can successfully attack the cases
1 < gcd(m, |λ|) < m and there are no fixed points simultaneously.
This paper is organized as follows. In Section 1, we introduce the prerequisites on highest
weight crystals and their q-dimensions. In Section 2, we derive a congruence relation of
dimq B(Λ) which plays a crucial role throughout this paper. In Section 3, we reinterpret
the congruence obtained in Section 2 in the viewpoint of the cyclic sieving phenomenon and
apply it to the case where g = glm. The final section is devoted to characterizing when the
triple (SSTp(λ), 〈c〉, sλ(1, q, q
2, . . . , qp−1)) exhibits the cycle sieving phenomenon under the
assumption that there exists at least one fixed point.
1. Highest weight crystals and their q-dimensions
Let I be a finite index set and let A = (aij)i,j∈I be a Cartan matrix of finite type. We
choose a diagonal matrix D = diag(di ∈ Z≥0 | i ∈ I) such that min{di | i ∈ I} = 1 and DA is
symmetric. We then consider a quintuple (A,P,Π,P∨,Π∨), called a Cartan datum associated
with A, such that
(1) P is a free abelian group of rank |I|, called the weight lattice,
(2) Π = {αi | i ∈ I} ⊂ P, called the set of simple roots,
(3) P∨ = HomZ(P,Z), called the coweight lattice,
(4) Π∨ = {hi ∈ P
∨ | i ∈ I}, called the set of simple coroots,
which satisfy the following requirements:
• 〈hi, αj〉 = aij for i, j ∈ I,
• Π is linearly independent over Q, and
• for each i ∈ I, there exists ̟i ∈ P, called the fundamental weight, such that 〈hj ,̟i〉 =
δj,i for all j ∈ I.
We denote by P+ := {λ ∈ P | 〈hi, λ〉 ≥ 0 for all i ∈ I} the set of dominant integral weights.
There exists a nondegenerate symmetric bilinear form (· , ·) on P satisfying
(αi, αj) = diaij (i, j ∈ I), and 〈hi, λ〉 =
2(αi, λ)
(αi, αi)
(λ ∈ P, i ∈ I).
Let Q :=
⊕
i∈I Zαi be the root lattice, and let ∆ ⊂ Q be the set of roots associated with A.
We write ∆+ for the set of positive roots.
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Fix an indeterminate q. Let Uq(g) be the quantum group associated with (A,P,P
∨Π,Π∨),
which is the associative algebra over C(q) with 1 generated by fi, ei (i ∈ I) and q
h (h ∈ P)
with certain defining relations (see [10, Chapter 3] for details). For a dominant integral weight
Λ ∈ P+, we denote by Vq(Λ) the irreducible highest weight Uq(g)-module with highest weight
Λ, and denote by B(Λ) its crystal. We denote by e˜i and f˜i (i ∈ I) the crystal operators on
B(Λ). We refer the reader to [7, 10, 14, 15, 16] for crystals.
We setW to be theWeyl group associated with A, which is a subgroup of Aut(P) generated
by si(λ) := λ − 〈hi, λ〉αi for i ∈ I and λ ∈ P. Note that ∆ is invariant under the actions
of W. The weyl group W also acts on the crystal B(Λ) as follows: for i ∈ I and b ∈ B(Λ),
define
si(b) :=
{
f˜
〈hi,wt(b)〉
i b if 〈hi,wt(b)〉 ≥ 0,
e˜
−〈hi,wt(b)〉
i b if 〈hi,wt(b)〉 < 0.
(1.1)
We set B(Λ)ξ := {b ∈ B(Λ) | wt(b) = ξ} so that B(Λ) = ⊔ξ∈PB(Λ)ξ, and wt(B(Λ)) =
{µ ∈ P | B(Λ)µ 6= ∅}. The character chB(Λ) of B(Λ) is defined by
chB(Λ) :=
∑
ξ∈wt(B(Λ))
|B(Λ)ξ|e
ξ ,
where |B(Λ)ξ| is the number of elements of B(Λ)ξ, and e
ξ are formal basis elements of the
group algebra Q[P] with the multiplication given by eξeξ
′
= eξ+ξ
′
. The Weyl character
formula says that
chB(Λ) =
∑
w∈W(−1)
ℓ(w)ew(Λ+ρ)−ρ∏
β∈∆+(1− e
−β)
,
where ρ = 12
∑
β∈∆+ β (for instance, see [13]). Note that ρ =
∑
i∈I ̟i.
In this paper, we consider the following polynomials in q arising from the crystal B(Λ):
dimq B(Λ) :=
∑
ξ∈wt(B(Λ))
|B(Λ)ξ|q
(ρ,Λ−ξ),
dim∨q B(Λ) :=
∑
ξ∈wt(B(Λ))
|B(Λ)ξ|q
〈ρ∨,Λ−ξ〉,
where ∨ : h∗ := C ⊗ P −→ h := C ⊗ P∨ is the isomorphism given in [13, Chapter 2]. These
polynomials can be obtained via specializations of chB(Λ). Define homomorphisms
Fρ : C[Q]→ C[q
±1], eλ 7→ q−(ρ,λ),
Fρ∨ : C[Q]→ C[q
±1], eλ 7→ q−〈ρ
∨,λ〉.
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One easily sees that dimq B(Λ) = Fρ(e
−ΛchB(Λ)) and dim∨q B(Λ) = Fρ∨(e
−ΛchB(Λ)). Using
the Weyl character formula and properties of ρ, one can show that
dimq B(Λ) =
∏
β∈∆+
1− q(β,Λ+ρ)
1− q(β,ρ)
,(1.2)
dim∨q B(Λ) =
∏
β∈∆+
1− q〈β
∨,Λ+ρ〉
1− q〈β∨,ρ〉
.(1.3)
(see [13, 27, 28]). In the literature such as [13], the right hand side of (1.3) is called the
q-dimension of V (Λ). We here call these polynomials as the q-dimensions of B(Λ). Note
that dimq B(Λ) = dim
∨
q B(Λ) if the Cartan matrix A is symmetric.
2. Congruencs of the q-dimension of B(Λ)
In this section, we provide some noteworthy congruences of the q-dimensions of B(Λ)
which are significant not only in itself but also a cyclic sieving phenomenon on B(Λ). We fix
a Cartan matrix A of finite type and its Cartan datum (A,P,Π,P∨,Π∨). Let Λ ∈ P+ and
n ∈ Z>0. We now consider the following condition:
Condition : for any β ∈ ∆+, (β,Λ) is divisible by n.(2.1)
For any d|n, we set
∆+d := {β ∈ ∆
+ | (β, ρ) is divisible by d}
and denote by Φd(q) the dth cyclotomic polynomial. Note that Φd(q) is irreducible over Z
and
qn − 1 =
∏
d|n
Φd(q).
Lemma 2.1. Assume that the condition (2.1) holds. For d | n, we have
dimq B(Λ) ≡
∏
β∈∆+d
(
(β,Λ)
(β, ρ)
+ 1
)
(mod Φd(q)).
Here the right hand side is set to be 1 in case where ∆+d = ∅.
Proof. Note that
(i) q(β,Λ) ≡ 1 (mod Φd(q)) for β ∈ ∆
+, and
(ii) 1− q(β,ρ) 6≡ 0 (mod Φd(q)) for β ∈ ∆
+ \∆+d .
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It follows from (1.2) that
dimq B(Λ) =

 ∏
β∈∆+d
1− q(β,Λ+ρ)
1− q(β,ρ)



 ∏
β∈∆+\∆+d
1− q(β,Λ)q(β,ρ)
1− q(β,ρ)


≡
∏
β∈∆+d
1− q(β,Λ+ρ)
1− q(β,ρ)
≡
∏
β∈∆+d
(1− qd)(1 + qd + q2d + · · ·+ q
d
(
(β,Λ+ρ)
d
−1
)
)
(1− qd)(1 + qd + q2d + · · ·+ q
d
(
(β,ρ)
d
−1
)
)
≡
∏
β∈∆+d
(β,Λ + ρ)
(β, ρ)
(mod Φd(q)),
which completes the proof. 
Let us introduce another lemma which plays a key role in our modular computation. Let
n be a positive integer and set [n] := {1, 2, . . . , n}. To every nonempty subset J of [n] we
associate a variable xJ . For each subset I of [n], we set
(2.2) MI :=
∏
I⊆J and J 6=∅
xJ .
We omit braces from J in xJ and MJ if no confusion arises. Let fn : R
2n−1 → R be the
multivariable polynomial function defined by
(2.3) fn(x) :=
∑
I⊆[n]
(−1)|I|MI .
Example 2.2. Let n = 2. Then
M∅ = x1x2x1,2, M1 = x1x1,2, M2 = x2x1,2, M1,2 = x1,2, and
f2(x) =M∅ − (M1 +M2) +M1,2 = x1x2x1,2 − x1x1,2 − x2x1,2 + x1,2
Lemma 2.3. Let n be a positive integer. If xI ≥ 1 for all nonempty subsets I of [n], then
fn(x) ≥ 0.
Proof. We prove our assertion by using induction on n. The case where n = 1 is clear since
f1(x) =M∅ −M1 = x1 − x1 is the zero polynomial.
We now assume that the desired resut holds for all positive integers less than n ≥ 2. Let
I be any nonempty subset of [n]. Viewed as a one variable polynomial in variable xI , f(x) is
of degree 1. Thus we shall show that the coefficient of xI in f(x) is nonnegative.
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Let |I| = 1. We may assume that I = {1}. Note that the monomial MJ contains xI if and
only if J ⊂ I, which implies that the coefficient of x1 in fn(x) is given by
(2.4)
1
x1
(M∅ −M1) =
M1
x1
(
M∅
M1
− 1
)
=

 ∏
{1}(J⊂[n]
xJ



 ∏
∅6=J⊂[n]
1/∈J
xJ − 1

 .
This is obviously nonnegative due to the assumption that xJ ≥ 1 for all ∅ 6= J ⊆ [n]. Thus
we have
fn(x) ≥ fn(x)|xI=1 for all I with |I|=1.
Suppose that k := |I| > 1. Without loss of generality, we may assume that I = [k] :=
{1, 2 . . . , k}. By the induction hypothesis, we may assume that the coefficient of xJ in fn(x)
is nonnegative for all J with |J | < k. From this assumption it follows that
fn(x) ≥ fn(x)|xJ=1 for all J with |J |<k.
We simply write fn,k(x) for the right hand side. For simplicity, let [xI ]fn,k denote the coeffi-
cient of xI in fn,k(x). We see that
[xI ]fn,k =
MI
xI

∑
J⊆I
(−1)|J |
MJ
MI

∣∣
xS=1 for all S with |S| < k
.
Set
an,k :=
∑
J⊆I
(−1)|J |
MJ
MI
∣∣
xS=1 for all S with |S|<k
.
Clearly [xI ]fn,k and an,k have the same sign. For J ( I, we have the following monomial
expansion:
(2.5)
MJ
MI
∣∣
xS=1 for all S with |S|<k
=
∏
J⊂S(I
T⊂[n]\I
|S|+|T |≥k
xS∪T .
For each S ⊆ I, let us introduce a new variable yS such that yS = 1 if S = I and
yS :=
∏
T⊂[n]\I
|S|+|T |≥k
xS∪T if S 6= I.
With this notation, (2.5) can be rewritten as
(2.6)
MJ
MI
∣∣
xS=1 for all S with |S|<k
=
∏
J⊂S⊂I
yS.
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In particular,
M∅
MI
∣∣
xS=1 for all S with |S|<k
= y∅

 ∏
∅6=S⊂I
yS

 ≥ ∏
∅6=S⊂I
yS ,
MI
MI
∣∣
xS=1 for all S with |S|<k
= 1.
The above discussion shows that
an,k ≥ fk(yS : ∅ 6= S ⊆ I)|yI=1.
Since yS ≥ 1 for all ∅ 6= S ⊆ [k], from the induction hypothesis it follows that the right
hand side is nonnegative. Thus we have an,k ≥ 0, which implies that [xI ]fn,k ≥ 0. Since the
coefficient [xI ]fn,k of xI in fn,k(x) is nonnegative, we can write fn,k(x) ≥ fn,k+1(x), which
tells us that
fn(x) ≥ fn,k+1(x).
Repeating the same argument, we conclude that
fn(x) ≥ fn,n(x) = x[n]fn(1, . . . , 1).
Therefore, the assertion follows from the fact fn(1, 1, . . . , 1) = 0 which is due to Inclusion-
Exclusion Principle.

For d | n, we set
(2.7)
bn
d
:=


∏
β∈∆+d
(
(β,Λ)
(β,ρ) + 1
)
if ∆+d 6= ∅
1 otherwise,
ad :=
1
d
∑
e|d
µ
(
d
e
)
be,
where µ is the classical Mo¨bius function. Note that
bd =
∑
e|d
eae.(2.8)
Example 2.4. From the definition, it is easy to see the following.
(1) Let β0 ∈ ∆
+ be the highest root. If (β0, ρ) < n, then a1 = 1.
(2) Let n = pl for a prime p. For 0 < s ≤ l, we have
aps =
1
ps
(bps − bps−1).
We now shall prove the following congruence for dimq B(Λ).
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Theorem 2.5. Assume that the condition (2.1) holds.
(1) For any d|n, ad ∈ Z≥0.
(2)
dimq B(Λ) ≡
∑
d|n
ad
qn − 1
q
n
d − 1
(mod qn − 1).
Proof. We set
B(q) :=
∑
e|n
ae
qn − 1
q
n
e − 1
.
Let d ∈ Z>0 with d|n. Since
qn−1
q
n
e −1
≡ 0 (mod Φd(q)) for d ∤
n
e and
qn−1
q
n
e −1
≡ e (mod Φd(q))
for d | ne , by (2.8), we have
B(q) ≡
∑
e|n
d
eae = bn
d
(mod Φd(q)).
Combining Lemma 2.1 with Chinese Remainder Theorem, we conclude that
dimq B(Λ) ≡ B(q) (mod q
n − 1).
To complete the proof, it remains to see that ad ∈ Z≥0 for all d|n. First, we see that
ad ∈ Z. Note that B(q) is the remainder of dimq B(Λ) when divided by q
n − 1. Since
dimq B(Λ) ∈ Z[q]
and qn − 1 is monic, it follows that B(q) ∈ Z[q]. Let d1 > d2 · · · > ds be all divisors of n such
that ad 6= 0. Then the leading coefficient of B(q) is ad1 , so it is an integer. Next, consider
B(q)− ad1(1 + q
n
d1 + · · · + (q
n
d1 )d1−1) ∈ Z[q].
Its leading coefficient is given by ad2 − ad1 if d2|d1 and ad2 otherwise, thus ad2 ∈ Z. In this
way, we can see inductively that ad ∈ Z for all d|n. Second, let us show that ad ≥ 0. Note
that a1 = b1, so it is positive. For d > 1, let d = p
a1
1 p
a2
2 · · · p
ar
r be the prime factorization of
d. By the definition (2.7), we have
d · ad = bd −

 ∑
1≤i≤r
b d
pi

+

 ∑
1≤i<j≤r
b d
pipj

+ · · · + (−1)rb d
p1p2···pr
.
Let
U := ∆+n
d
and Ai := ∆
+
npi
d
for 1 ≤ i ≤ r.
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We simply write h(β) for
(
(β,Λ)
(β,ρ) + 1
)
. Note that h(β) ≥ 1 since ρ,Λ ∈ P+. Then
d · ad =
∏
β∈U
h(β)−

 ∑
1≤i≤r
∏
β∈Ai
h(β)

 +

 ∑
1≤i<j≤r
∏
β∈Ai∩Aj
h(β)

 + · · ·
· · ·+ (−1)r
∏
β∈A1∩A2∩···∩Ar
h(β).
Since U ⊃ A1 ∪ · · · ∪Ar, we have that∏
β∈U
h(β) ≥
∏
β∈A1∪···∪Ar
h(β).
For a nonempty set I = {i1, i2, . . . , ik} of [r], let
XI :=
∏
β∈(∩s∈IAs)∩(∩s∈IcA
c
s)
h(β).
Note that XI ≥ 1 since h(β) ≥ 1. With the definitions in (2.2) and (2.3), one can easily see
that
fr(X) =
∏
β∈A1∪···∪Ar
h(β)−

 ∑
1≤i≤r
∏
β∈Ai
h(β)

 +

 ∑
1≤i<j≤r
∏
β∈Ai∩Aj
h(β)

 + · · ·
· · · + (−1)r
∏
β∈A1∩A2∩···∩Ar
h(β).
From Lemma 2.3 it follows that fr(X) ≥ 0. Now our assertion follows since d·ad ≥ fr(X). 
Remark 2.6. We can also derive an analogue of Theorem 2.5 for dim∨q B(Λ) in the same
manner. For any d|n, we set
(2.9)
(∆+d )
∨ := {β ∈ ∆+ | 〈β∨, ρ〉 is divisible by d},
b∨n
d
:=


∏
β∈(∆+d )
∨
(
〈β∨,Λ〉
〈β∨,ρ〉 + 1
)
if (∆+d )
∨ 6= ∅
1 otherwise,
a∨d :=
1
d
∑
e|d
µ
(
d
e
)
b∨e .
Assume that 〈β∨,Λ〉 is divisible by n for all β ∈ ∆+. In the same manner as above, we can
derive that
(1) For any d|n, a∨d ∈ Z≥0.
(2)
dim∨q B(Λ) ≡
∑
d|n
a∨d
qn − 1
q
n
d − 1
(mod qn − 1).
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3. Cyclic sieving phenomena and q-dimensions
As before, let (A,P,Π,P∨,Π∨) be a Cartan datum of finite type. We here interpret Theo-
rem 2.5 from the viewpoint of the cyclic sieving phenomenon. Let X be a finite set with an
action of a finite cyclic group C. We denote by OrbdC(X) the set of all orbits of size d. With
this notation, we state the following theorem.
Theorem 3.1. Let Λ ∈ P+ and n ∈ Z>0. Assume that the condition (2.1) holds.
(1) There exists an action of a cyclic group C of order n on B(Λ) such that the triple
(B(Λ), C,dimq B(Λ)) exhibits the cyclic sieving phenomenon.
(2) Let C be a cyclic group of order n acting on B(Λ).
(a) The triple (B(Λ), C,dimq B(Λ)) exhibits the cyclic sieving phenomenon if and
only if the number of orbits in OrbdC(B(Λ)) is equal to ad for all d|n, where ad
is given in (2.7).
(b) In particular, if n is prime and (β0, ρ) < n, then the triple (B(Λ), C,dimq B(Λ))
exhibits the cyclic sieving phenomenon if and only if B(Λ) has exactly one fixed
point.
Proof. The assertions (1) and (a) in (2) immediately follow from Theorem 2.5 and [1, Theorem
2.7]. The assertion (b) in (2) follows from Example 2.4. 
Remark 3.2. Assume that 〈β∨,Λ〉 is divisible by n for all β ∈ ∆+. Due to Remark 2.6, we
can also derive an analogue of Theorem 3.1 for the triple (B(Λ), Cn,dim
∨
q B(Λ)).
Let us consider the case where Uq(g) = Uq(glm). Let I = {1, 2, . . . ,m − 1} and let
{ǫ1, . . . , ǫm} be the standard orthonormal basis of the Euclidean space R
m. Then one can
realize the weight lattice of Uq(glm) inside R
m (see [7, 10] for example). In this realization,
we have
∆+ = {ǫi − ǫj | 1 ≤ i < j ≤ m}.
Let λ = (λ1, λ2, . . . , λl) be a partition with l ≤ m and set
Λ :=
l∑
k=1
λkǫk(3.1)
Note that
dimq B(Λ) = q
−κ(λ)sλ(1, q, q
2, . . . , qm−1),
where λ = (λ1, λ2, . . .) is the Young diagram of length ≤ m corresponding to Λ, κ(λ) =∑
k≥1(k− 1)λk, and sλ(1, q, . . . , q
m−1) is the principal specialization of the Schur polynomial
sλ(x1, x2, . . . , xm).
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It is straightforward to show that (β,Λ) is divisible by n for all β ∈ ∆+ if and only if
λi − λj is divisible by n for all 1 ≤ i < j ≤ m.(3.2)
Moreover, we know that
(a) the set SSTm(λ) of all standard tableaux of shape λ with entries {1, 2, . . . ,m} has a
Uq(glm)-crystal structure which is isomorphic to B(Λ), and
(b) dimq B(Λ) = q
−κ(λ)sλ(1, q, q
2, . . . , qm−1).
Applying these facts to Theorem 3.1 yields the following corollary, which gives an affirmative
answer for the conjecture in [1, Conjecture 3.4].
Corollary 3.3. Let n ∈ Z>0 and let λ = (λ1, λ2, . . . , λl) be a partition with l ≤ m such that
λi−λj is divisible by n for all 1 ≤ i < j ≤ m. Then there exists an action of a cyclic group C
of order n on SSTm(λ) such that the triple (SSTm(λ), C, q
−κ(λ)sλ(1, q, q
2, . . . , qm−1)) exhibits
the cyclic sieving phenomenon.
Remark 3.4. As Corollary 3.3 shows, Theorem 3.1(1) is a far-reaching generalization of [1,
Conjecture 3.4]. If λ = (ab) with m|a and b ≤ m, then it satisfies the assumption in Corollary
3.3. In this case, it was shown in [21] that the triple
(
SSTm(λ), 〈pr〉, q
−κ(λ)sλ(1, q, . . . , q
m−1)
)
exhibits the cyclic sieving phenomenon, where pr is the promotion. Furthermore, if n = m,
the assumption in Corollary 3.3 implies that |λ| is divisible by m, which follows from the
equality
|λ| =
m−1∑
i=1
i(λi − λi+1) +mλm.
Example 3.5. Let g = gl3 and n = 4. Then we have ∆
+ = {α1, α2, α1 + α2} and
∆+1 = ∆
+, ∆+2 = {α1 + α2}, ∆
+
4 = ∅.
Let λ = (4). It is obvious that λ satisfies the condition (3.2). Then we have Λ = 4ǫ1 by (3.1)
and
sλ(x1, x2, x3) =x
4
1 + x
3
1x2 + x
2
1x
2
2 + x1x
3
2 + x
4
2 + x
3
1x3 + x
2
1x2x3 + x1x
2
2x3 + x
3
2x3
+ x21x
2
3 + x1x2x
2
3 + x
2
2x
2
3 + x1x
3
3 + x2x
3
3 + x
4
3,
which gives the principal specialization
q−κ(λ)sλ(1, q, q
2) = q8 + q7 + 2q6 + 2q5 + 3q4 + 2q3 + 2q2 + q + 1.
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On the other hand, it follows from (2.7) and Example 2.4 that
b1 = 1, b2 =
4
2
+ 1 = 3, b4 =
(
4
1
+ 1
)(
0
1
+ 1
)(
4
2
+ 1
)
= 15,
a1 = 1, a2 =
1
2
(b2 − b1) = 1, a4 =
1
4
(b4 − b2) = 3.
By Theorem 2.5, we have
q−κ(λ)sλ(1, q, q
2) = dimq B(Λ) ≡ 1 + (1 + q
2) + 3(1 + q + q2 + q3) (mod q4 − 1).
Thus, Corollary 3.3 tells us that there exists an action of a cyclic group C of order 4 on SST3(λ)
such that the triple (SST3(λ), C, q
−κ(λ)sλ(1, q, q
2)) exhibits the cyclic sieving phenomenon.
4. Application to the crystal operator c on SSTm(λ)
Let m be a positive integer ≥ 2. Recall that SSTm(λ) has a Uq(glm)-crystal structure, thus
it is equipped with an action of the Weyl group. Let us consider the operator c := s1s2 · · · sm−1
on SSTm(λ), where si is the action on the crystal SSTm(λ) given by the simple reflection
si = (i, i + 1) in the Weyl group. Note that the order of c is m. The cyclic action given by
this operator was extensively studied in [19] in case where ℓ(λ) < m and gcd(m, |λ|) = 1.
Under this constraint, it was shown that the triple
(
SSTm(λ), 〈c〉, q
−κ(λ)sλ(1, q, . . . , q
m−1)
)
exhibits the cyclic sieving phenomenon and every orbit is free. We here focus on the case
where ℓ(λ) < m and |λ| is divisible by m.
Let us collect lemmas which are necessary to develop our arguments. Given T ∈ SSTm(λ),
let cont(T ) := (c1, c2, . . . , cm), where ci is the number of i’s occurring in T . The following
lemma follows from (1.1).
Lemma 4.1. (cf. [7, 10]) Let λ be a partition. The set of fixed points of SSTm(λ) under the
action of c is nonempty if and only if |λ| is divisible by m, in which case it is given by{
T ∈ SSTm(λ) : cont(T ) =
(
|λ|
m
,
|λ|
m
, . . . ,
|λ|
m
)}
.
Lemma 4.2. ([9]) Suppose that λ and µ are partitions of m. Then Kλµ > 0 if and only if
λ D µ, where Kλ,µ is the Kostka number.
For any two partitions λ, µ, we shall write λ ∼m µ if they have the same m-core. For
more information on m-cores, see [11, 18, 26]. Assume that l(λ) < m. It is easy to see
that if λ ∼m 0, then there exists a unique permutation wλ ∈ Sm such that λ + δm ≡ wλ δm
(mod m), where δm = (m− 1,m − 2, . . . , 1). The following lemma follows from Exercise 17
in [18, Section I.3].
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Lemma 4.3. Assume that λ is a partition of length ≤ m. Then we have
(4.1) sλ(1, q, q
2, . . . , qm−1)|q=ζm =


0 if λ ≁m 0,
1 if λ ∼m 0 and ǫ(wλ) = 1,
−1 if λ ∼m 0 and ǫ(wλ) = −1.
When |λ| is divisible by m, we define T 0λ to be the semistandard tableau in SSTm(λ) of
content µ =
(
|λ|
m ,
|λ|
m , . . . ,
|λ|
m
)
obtained by filling the Young diagram of shape λ with entries
in the increasing order from left to right and from top to bottom.
Theorem 4.4. Assume that λ is a partition of length < m. Assume that there exists a fixed
point in SSTm(λ) under the action of c. Then the triple (SSTm(λ), 〈c〉, sλ(1, q, q
2, . . . , qm−1))
exhibits the cycle sieving phenomenon if and only if λ is of the form ((am)b), where either
b = 1 or m− 1.
Proof. By Lemma 4.1 and Lemma 4.2, our assumption implies that |λ| is divisible by m.
First, let us prove the “only if ” part. In view of (4.1), one sees that there exists only one
fixed point, which means that
T 0λ is a unique fixed point in SSTm(λ).
Let λ = (λ1, . . . , λl) with λl > 0 and set ik to be the first entry of the kth row of T
0
λ for
k = 1, . . . , l.
Suppose that there is a k such that |ik+1 − ik| > 1. Let b = (k + 1, 1) ∈ λ and b
′ be the
the rightmost box in the kth row of T 0λ which is less than ik+1. Since |ik+1− ik| > 1, the kth
row of T 0λ contains all ik + 1’s. Thus we have λk > |λ|/m, which says that the entry of the
box just below b′ is larger than ik+1 if it exists. Setting T to be the tableau obtained from
T 0λ by swapping the entries of b and b
′, T is a valid semistandard tableau, which tells us that
T is also a fixed point. This is a contradiction. Thus we conclude that
ik = k(4.2)
for k = 1, . . . , l.
If l = 1, then it is the case where λ = (am) for some a.
Suppose that 1 < l < m− 1. Since the lth row of T 0λ should have m− 1 and m, we have
λl > 2|λ|/m, which implies that λ1 > 2|λ|/m. This tells us that i2 > 2, which contradicts
(4.2).
Suppose that l = m−1. Since the lth row of T 0λ should contain all m’s, we have λl > |λ|/m,
i.e., λk > |λ|/m for any k. Combining this with (4.2), each kth row of T
0
λ should have k
and k + 1. We assume that there exists k such that λk+1 < λk and λj = λk for j ≤ k. Set
b := (k, λk) ∈ λ and b
′ := (k + 1, t) to be the leftmost box of the (k + 1)st row whose entry
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is k + 2. Note that the entry of b should be k + 1. Since λk > |λ|/m, the entry of (k, t)
is k. Hence the tableaux T obtained from T 0λ by swapping the entries of b and b
′ is a valid
semistandard tableau. This tells us that T is also a fixed point, which is a contradiction.
Therefore, λ should be of rectangular shape.
We now shall prove the “if ” part. By [21], it suffices to see that our crystal operator c
coincides with pr. This is straightforward in the case where λ = (am). So we assume that
λ = ((am)m−1). Pick up any T ∈ SSTm(λ).
Case 1. Assume that 1 ≤ i < m does not appear in the first column. Then, for all
i ≤ j ≤ m− 1, the jth row is filled with only (j +1)’s. Hence, for all i+1 ≤ j ≤ m− 1, both
σj and sj act on T as the identity, where σj is the jth Bender-Knuth involution. In case of
1 ≤ j ≤ i, ignore all entries not equal to j or j + 1 and all columns that contain both j and
j + 1. What remains, which is a sequence of j’s immediately followed by (j + 1), appears
only within one row. This tells us that both σj and sj act identically for all 1 ≤ j ≤ i.
Case 2. Assume that m does not appear in the first column. In the same manner as above,
one sees that both σj and sj act identically for all 1 ≤ j ≤ m− 1. 
Remark 4.5. Let us remark two important observations.
(1) It is quite interesting to note that the proof of the “if” part in Theorem 4.4 is
still valid for arbitrary rectangular Young diagrams λ of length 1 or m − 1, i.e.
λ = (a) or (am−1) for any positive integer. This means that in this case, the triple
(SSTm(λ), 〈c〉, sλ(1, q, q
2, . . . , qm−1)) exhibits the cycle sieving phenomenon.
(2) Let g be a Kac-Moody Lie algebra of type Am−1. The longest Weyl group element
w0 defines an involution on the simple roots by αi 7→ αi∗ := −w0(αi). Consider the
automorphism of Uq(g) defined by
φ(ei) = fi, φ(fi) = ei, φ(hi) = −hi.
Let Λ∨ := −w0(Λ), vΛ be the highest weight vector and v
low
Λ the lowest weight vector of
B(Λ). By [6, 17], one has the bijection φΛ : B(Λ)→ B(Λ
∨) satisfying that vΛ 7→ v
low
Λ∨
and
φΛ(f˜iu) = e˜iφΛ(u), φΛ(e˜iu) = f˜iφΛ(u), for u ∈ B(Λ) and i ∈ I.
Using (1.1), it is not difficult to see that φΛ : B(Λ) → B(Λ
∨) is an isomorphism as
W -sets, thus an isomorphism as 〈c〉-sets. Hence we have the isomorphism φamΛ1 :
SSTm((am))
∼
−→ SSTm((am)
m−1) as 〈c〉-sets.
Theorem 4.4 is not applicable in case where 1 < gcd(m, |λ)|) < m. For instance, let m = 4
and λ = (4, 2). This case, however, does not occur if m is a prime. Hence the following
corollary directly follows from Theorem 4.4.
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Corollary 4.6. Let p be a prime and λ be a partition such that ℓ(λ) < p and 1 < gcd(p, |λ|).
Then the triple (SSTp(λ), 〈c〉, sλ(1, q, q
2, . . . , qp−1)) exhibits the cycle sieving phenomenon if
and only if λ is of the form (ap)b, where either b = 1 or p− 1.
Proof. The assumption gcd(p, |λ|) = p implies that |λ| is divisible by p. In view of Lemma
4.1 and Lemma 4.2, one sees that there exists a fixed point in SSTm(λ) under the action of
c. Hence our assertion follows from Theorem 4.4. 
For each divisor d of m, let ♯Orbd〈c〉(SSTm(λ)) denote the number of orbits of size d in
SSTm(λ) under the action of 〈c〉. If λ = (am) or ((am)
m−1) for any positive integer a, then
it satisfies the condition (2.1). This enables us to use (2.7) in computing ♯Orbd〈c〉(SSTm(λ)).
Recall that
q−κ(λ)sλ(1, q, q
2, . . . , qm−1) =
∏
1≤i<j≤m
1− q(λi−i)−(λj−j)
1− qj−i
(see (1.2) or [9] for instance). One can easily see that
(4.3)
q−κ((am))s(am)(1, q, q
2, . . . , qm−1) = q−κ((am)
m−1)s((am)m−1)(1, q, q
2, . . . , qm−1)
=
∏
1≤i≤m−1
1− qam+i
1− qi
,
which implies that
♯Orbd〈c〉(SSTm((am))) = ♯Orb
d
〈c〉(SSTm((am)
m−1))
for all divisors d of m. Let n = m and Λ = amǫ1. It is not difficult so see that
∆+d = {α ∈ ∆
+ : ht(α) is divisible by d}
=
⋃
1≤k<m/d
{α ∈ ∆+ : ht(α) = kd}
= {ǫi − ǫi+kd : 1 ≤ k < m/d and 1 ≤ i ≤ m− kd}.
Since
(ǫi − ǫi+kd, amǫ1)
(ǫi − ǫi+kd, ρ)
=
am
kd
δi1,
from the definition (2.7) it follows that
(4.4) bm
d
=
∏
1≤k<m/d
(am
kd
+ 1
)
.
Here δ denotes the Kronecker delta function and the right hand side of (4.4) is understood
as 1 in case where d = m. As an immediate consequence of (2.7), we derive the following
formula.
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Proposition 4.7. Assume that λ is either (am) or ((am)m−1) for any positive integer a.
For each divisor d of m, we have
(4.5) ♯Orbd〈c〉(SSTm(λ)) =
1
d
∑
e|d
µ
(
d
e
) ∏
1≤k<e
(ae
k
+ 1
)
.
Example 4.8. Note that the right hand side of (4.5) does not depend on the choices ofm. Let
λ = (am) or ((am)m−1). For every even positive integer m, we have ♯Orb2〈c〉(SSTm(λ)) = a.
And, for every positive multiple m of 3, we have ♯Orb3〈c〉(SSTm(λ)) =
3
2a(a+ 1).
Remark 4.9. One can derive another formula for ♯Orbd〈c〉(SSTm(λ)). Let
X := {(c1, c2, . . . , cm) :
∑
1≤i≤m
ci = am and ci ∈ Z≥0 for 1 ≤ i ≤ m}.
Then a cyclic group C = 〈g〉 of order m acts on X by g · (c1, c2, . . . , cm) = (c2, c3 . . . , cm, c1).
By virtue of (4.3), if λ = (am), then ♯Orbd〈c〉(SSTm(λ)) = ♯Orb
d
C(X) for d|m. Using Burnside
lemma, one can see that the number of total orbits in X under the action of C is given by
1
m
∑
d|m
φ(d)
(m
d +
am
d − 1
am
d
)
,
where φ means the Euler phi-function. By the Mo¨bius inversion formula, we have
(4.6) ♯Orbd〈c〉(SSTm(λ)) =
1
d
∑
e|d
µ
(
d
e
)
d
e
∑
f |e
φ(f)
( e
f +
ae
f − 1
ae
f
)
.
However, our formula (4.5) is simpler and more explicit than (4.6) in the sense that the latter
contains Euler phi function and numerous binomial coefficients. Combining (4.5) with (4.6)
yields the identity∑
e|d
µ
(
d
e
) ∏
1≤k<e
(ae
k
+ 1
)
=
∑
e|d
µ
(
d
e
)
d
e
∑
f |e
φ(f)
( e
f +
ae
f − 1
ae
f
)
.
For instance, if d is a prime p, then the above identity appears as
−1 +
∏
1≤k<p
(ap
k
+ 1
)
= −p+
(
p+ ap− 1
ap
)
+ (p− 1)
(
1 + a− 1
a
)
,
which is also straightforward from the definition of binomial coefficients.
In the rest of this section, we assume that n is a prime p ≥ m and λ is a partition of length
≤ p. Recall that
q−κ(λ)sλ(1, q, q
2, . . . , qm−1) =
∏
1≤i<j≤m
1− q(λi−i)−(λj−j)
1− qj−i
.
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Let A be the set of all partitions λ of length ≤ p satisfying that λi − i ≡ λj − j (mod p)
for some 1 ≤ i < j ≤ p. Note that Q[q]/(Φp(q)) is a field and 1 − q
j−i appearing in the
denominator is a unit for all 1 ≤ i < j ≤ n. The following proposition can be derived by
combining this observation with Lemma 4.3.
Proposition 4.10. Let p be a prime ≥ m and λ a partition of length ≤ p.
(1) sλ(1, q, q
2, . . . , qm−1) ≡ 0 (mod Φp(q)) if and only if λ ∈ A .
(2) If λ ∈ A , then there exists an action of a cyclic group Cp of order p on SSTm(λ) such
that the triple (SSTm(λ), Cp, q
−κ(λ)sλ(1, q, q
2, . . . , qm−1)) exhibits the cyclic sieving
phenomenon.
(3) Let m = p. Then there exists an action of a cyclic group Cp of order p on SSTp(λ)
such that the triple (SSTp(λ), Cp, sλ(1, q, q
2, . . . , qp−1) exhibits the cyclic sieving phe-
nomenon if and only if either λ ≁p 0 or else λ ∼p 0 and ǫ(wλ) = 1.
Remark 4.11. By virtue of the congruence to Kac [13, Exercise 10. 15], one can derive an
analogue of Proposition 4.10 for highest weight crystals of any finite type.
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